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ABSTRACT: This paper investigates the boundary behaviour of polyanalytic functions
of order m in various Banach spaces. We establish structural decomposition theorems in
weighted Bergman-type spaces A_m I_P (D,x) and study their implications for boundary
regularity. Poly-Hardy spaces H*(n,P) (D), and meta-Hardy spaces H_A"(n,P) (D) are
introduced to capture boundary values through radial maximal functions. We solve
Dirichlet, Hilbert, and Haseman boundary value problems in polyanalytic settings,
establishing Fredholm properties via singular integral operators. Lipschitz regularity
conditions are characterized in terms of holomorphic components. Approximation results
in L”P spaces on the unit circle are obtained through density criteria for subspaces of the
form HP+Y_(k=1)"m}

index formulas, and explicit boundary value representations. The interplay between

[w_k H*P.] The main results include solvability conditions,

boundary behaviour and the underlying Banach space structure is emphasized throughout
this paper.

The theory of polyanalytic functions, initiated by Kolmogorov and later developed by Balk, Ramazanov, and others, represents

a natural extension of classical complex analysis. A function f is said to be polyanalytic of order m on a domain G € C if it

satisfies the generalized Cauchy - Riemann equation

amf— see see ses see
az—-m— OonG. (11)

Polyanalytic functions arise in numerous applications: in elasticity theory, Fluid dynamics, quantum mechanics, and signal

processing. The fundamental structural property was first observed by Kolmogorov, states that every polyanalytic function of

order M admits a unique decomposition

f(@) = do(2) + 21 (2) + -+ 2" Py (2) -+ - (1.2)

wherte each ¢ (2) is holomorphic on G.

Despite the elegance of this decomposition, the boundary behavior of polyanalytic functions is considerably more

subtle than that of holomorphic functions. The presence of the factors Z

k introduces anisotropic effects near the

boundary, and the boundary values of a polyanalytic function do not, in general, inherit all the nice properties of their

holomorphic components.
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The study of boundary behaviour of polyanalytic functions has attracted considerable attention from various researchers.
Ramazanov [11] established fundamental decomposition theorems in Banach spaces. Fedorovskiy [5] investigated
approximation problems related to boundary behaviour. More recently, Ambrose Prabhu and his collaborators have made
significant contributions to the theory of analytic and polyanalytic functions, particularly in the context of geometric
function theory [12, 13, 14, 15, 16, 17]. Their work on statlike and convex functions [12], coeffecient estimates for bi-
univalent functions [13, 14|, and properties of Mittag-Leer functions [15, 16] provides valuable insights that complement
the present study. The connection between geometric function theory and boundary behaviour of polyanalytic functions
was explored in their work on starlikeness and convexity [17]. The present paper provides a systematic study of boundary
behaviour in several Banach space settings. Our main contributions are:

1. A complete characterization of the space ApL,(D, @) via direct sum decompositions, leading to sharp growth

estimates near the boundary (Theorem 5.1).

2. The introduction of poly-Hatrdy spaces H™P (D) with a norm defined through detivatives, and the proof of boundary
trace theorems (Theorem 5.3).

3. Solvability conditions for Dirichlet, Hilbert, and Haseman boundary value problems in polyanalytic settings (Theorems
5.4,5.5,5.0).

4. A characterization of Lipschitz continuity of polyanalytic functions in terms of boundedness of their holomorphic
components (Theorem 5.7).

5. Density results for polyanalytic polynomials in LP spaces on the unit circle (Theorem 5.9).

6. Fredholm properties and index formulas for singular integral operators arising from polyanalytic boundary value
problems (Theorem 5.11).

The paper is organized as follows. Section 2 collects notation and preliminary results from the theory of holomorphic
functions, weighted Bergman spaces, and singular integral operators. Section 3 establishes structural lemmas and
decompositions. Section 4 presents the main results with complete proofs. Section 5 derives consequent lemmas and their

proofs. Section 6 concludes the paper.

Throughout, we let D = {z € C:| z |< 1} denote the open unit disk and T = 3D the unit circle.
2. NOTATION AND PRELIMINARY RESULTS

2.1 Function Spaces

Let D © C be a bounded domain with sufficiently smooth boundary. For 1 < p <o and o > —1, define the weighted Bergman
space Ay Lyp(D, o) as the set of all m-analytic functions f on D such that

| =

I f lgp,p.a)= (J j A—=1z 12| f(2) I? dxdy>p <00 (2.1)

with the usual modification for p = .

The classical Hardy space Hp (D) consists of holomorphic functions f on ID satisfying

1 (2w 1/p
fllgp=sup0<r<1 (Ej | f(re®) 1P de) <00 e (2.2)
0

For n € N and 0 < p < %, define the poly-Hardy spaceH™P (D) as the set of all functions f such that

n-1 » 1/p
2n 6kf )
”f“n.p:Z(Sup0<r< 1] ﬁ(rele) dQ) < 00w e (2.3)
k=0 0
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2.2 Meta-Analytic Functions

Let A € L*(D). A function f is called A-meta-analytic of order n if
a n
(Gz=4) 1 @b
The cotresponding meta-Hardy space H™P (D) is defined analogously to equation (2.3), with derivatives replaced by the operator
az - A.
Notation 2.1. For a function f onDand 0 < r < 1, 1, we denote the restriction to the circle of radius 7 by fr(eie) = f(re'?)
2.3 Singular Integral Operators on T

Let C denote the Cauchy singular integral operator
CW@)=—| =—=dT, tE€T- - (2.5)

in) T—t
T

1 J‘ u(T)

It is well known that C : L p (T) — L p (T) is bounded for 1 < p < o and satisfies C% = I.

Proposition 2.2. Foru € L p (T), 1 < p < %, the non-tangential boundary values of the Cauchy transform satisfy
(CW©) =U"©®) +u (0,

Where ut € HP(D) and u™ € zHP (D) .

Proof. This is a standard result from singular integral theory; see [6].

3. LEMMAS AND PROOFS

LEMMA 3.1. Let f be polyanalytic of order m on D with decomposition in equation (1.2). Then for each k = 0,---m — 1,
the holomorphic function @, satisfies

19 f
¢k(z) = Eﬁ(z)'z E .o oe e e (3.1)

Proof. Apply The Operator 32’ to both sides of equation (1.2). For j < m, we have
A f = K
— = — Fk=j
() = kZ = 27 0
=J

Setting j = k and then evaluating at z = 0 gives ¢ (0). The general case follows by repeated dierentiation and a
standard Vandermonde inversion argument.

LEMMA 3.2. For 1 < p < ® and @ > —1, the norm || I, p 3 on ALy (D, @) is equivalent to

m-—1
D il cin
k=0 ,

whete @y, are the holomorphic components from equation (1.2).

Proof. From equation (1.2), we have the pointwise estimate

@ 1= ) 121 g@ 1< ) 16,0
k=0 k=0

conversely, using lemma 3.1 and Cauchy’s integral formula for derivatives, one obtains

1159
Natural Resources for Human Health (NRFHH)

https://nrfhh.com



Natural Resources for
Human Health %

elSSN: 2583-1194

1 ¢, @ I< [, T2 ac.

I{-zI?

combining these estimates with the weighted Bergman projection [4] yields the equivalence.

LEMMA 3.3 For f € H™P(D), there exists a constant C = C(n,p) > 0 such that

2

sup 0 <r < 1f | f(re®) 1P d6 < Cllfllnp -+ (3.2)
0

Proof. Using the polyanalytic decomposition of equation (1.2), we have

m-1

| f(reif) <mpt Z o | ¢, (re®®) I

k=0

The Hardy space theory gives sup 0 <r <1/ | (]ﬁk(TeiG) [P dB < oo for each k, provided the derivatives appearing in

equation (2.3) are controlled. The result follows from Lemma 3.1.
3. DEFINITIONS

Definition 4.1 (Weighted Polyanalytic Bergman Space). For m € N, 1 < p < ®©, « > —1, and a domain D € C, the space
ApL, (D, @) consists of all m-analytic functions f on ID with

1/p
|mm@@=<ﬂcmuzwv|ﬂanmw) <o,
D

for D = D, we recover the definition from section 2.
Definition 4.2 (Boundary Trace Operator). For f € H™P (D) define the boundary trace f* € LP)T) by
f@) = lim f(rt)
where the limit is taken non-tangentially. the existence of this trace is guaranteed by theorem 5.3 which is mentioned below.
Definition 4.3 (Fredholm Property) A bounded linear operator T : X — Y between Banach spaces is called Fredholm if:
1Ker T is finite-dimensional
2.ImT is closed in Y;
3.coker T =Y/ ImT is finite-dimensional.
The index of T is defined as ind T = dimker T — dim coker T coker T
Definition 4.4 (Catleman Shift Operator) A Catleman shift operator U on LP(T) is defined by
UHE® =a'Of (a(®)
where a: T — T is a diffeomorphism.
5. MAIN RESULTS
5.1 Structural Decomposition
Theorem 5.1. For 1 < p < 0 and « > —1, the space Ay, L, (D, @) admits the direct sum decomposition
AmLp(D, a) =EB;¢”:_01 AkL?,(D, @) eeeee e (5.1)

where AL (D, @) consists of functions of the form with gk holomorphic. Moreover, the projection operators onto each

summand are bounded.
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Proof. The existence of the decomposition follows from the representation in the equation (1.2). The uniqueness is clear. It
remains to prove boundedness of the projections. For f € A;,L,(D, @), define P f = Z8¢y(2), where ¢y are from the
equation (1.2). By Lemma 3.2,

WPeflpp,ey = 125 Pillpp,ay < CellPicllpparipy < Cllf llpp,ar.

Thus, each projection Py is bounded.

Corollary 5.2. Under the hypotheses of Theorem 5.1, for each k = 0,1,---m —1

1+a+kp+2

1@ 1S G122 7 lfllgpay. - (5:2)

Proof. This follows from the pointwise estimates for holomorphic functions in weighted Bergman spaces [4] applied to ¢k,
together with Lemma 3.2.

5.2 Boundary Traces for Poly-Hardy Spaces

Theorem 5.3. Let 0 < p < o0 and n € N. For every f € H"P (D), the non-tangential boundary trace f + exists a.e. on T and

satisfies

"f+”Lp(T) = Cn,p”f"n,p (53)
Furthermore, the map T: H"?(D) - LP(T),Tf = f* is bounded.

Proof. Using the decomposition in equation (1.2), it suffices to prove the result for holomorphic functions @. By the classical
Hardy space theory, each ¢. has a non-tangential boundary trace in LP (T) with [|d7 |2 < k|l ge-

From Lemma 3.2 and the definition mentioned in 2.3, we have

Pwllur < Clifllnp

Summing over £ yields in equation (5.3). The density of polyanalytic polynomials in H™P (D) ensutes the trace exists for all
functions.
5.3 Dirichlet Boundary Value Problem
Consider the inhomogeneous polyanalytic equation
0" in D 5.4
— ln ses see ses ses .
a9 (54)

with boundary conditions

ut = o, (%)+ = ¢y, (‘;:;_:‘)Jr =g ONT e veeee (5.5)

Theorem 5.4. Let 1 <p < wandn € N. Forevery g € LP(D), and ¢, € LP(T),k = 0,1,---m — 1, the Dirichlet problem
(5.4) - (5.5) has a unique solution u € in H™P (D) if and only if the compatibility conditions

S, 9@ P@dxdy = TS [ du(®)pr(t) 1 dt | T woveee oo (5.6)
hold for all ¢ in the annihilator space, whete @, are the holomorphic components of ¢.

Proof. The polyanalytic equation (5.4) is equivalent to the system

C”(i)m—l_ g a¢k_ _
oz mi'oz P KZOmmo2

Integrating successively gives
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1 9()
Pm-1 = —gh Ed5+hm—1(z).

and similarly, for ¢y, where hy are holomorphic.

The boundary conditions (5.5) become conditions on the holomorphic components using Lemma 3.1. Applying the classical
Dirichlet problem for holomorphic functions [2] and the compatibility conditions from the Green's formula yields (5.6).

Uniqueness follows from the maximum principle for polyanalytic functions.
5.4 Hilbert Boundary Value Problem

Let V € Hp, (D). Consider the Hilbert-type boundary conditions
Re{[aj(t) + ib,-(t)].[azfvr(t)} =), t €T, j=0,1,m—1. - eeee (57)

Theorem 5.5. Assume aj, bj, ¢; € CY(T),0 <y <1and ajz + bjz # 0 on T. Then the Hilbert problem (5.7) is solvable in
H™P (D) if and only if

fT GOW At =0, j =01, m—1. oo e (5.8)

for all w; in the kernel of the associated singular integral operator.
k;(w) = a;(t)Cu + bj(t)u. -+ -+ -+ ++- (5.9)
When solvable, the solution space has dimension 271:_01 indK;.

Proof. Using the decomposition in equation (1.2), the boundary condition in equation (5.7) for 1" reduces to a system of m

independent Hilbert problems for the holomorphic components ¢;. Each Hilbert problem has the form

Re{[a;(©) + ib;(D]. ¢; (O} = ¢;(0), t € T.

By the classical theory of Hilbert boundary value problems [6], the solvability condition is exactly (5.8), and the dimension of
the solution space is ind k;, where k; is given by (5.9). Since the transformation from 17to (¢ *** Pry—1)is linear and bijective

(Lemma 3.1), the total dimension is the sum.
5.5 Haseman Boundary Value Problem

For meta-analytic functions satisfying the equation (2.4), consider the Haseman boundary condition
ut(a(®) =6Mu () +g(t), tET. - (5.10)
where « is a Carleman shift (Definition 4.4) and G is a matrix-valued function.

Theorem 5.6.Tet1 <p < o0,G € C(T,GL,(C) and g € LP(T,C™) The Haseman problem in the Equation (5.10) for the
meta-analytic system in the equation (2.4) is solvable if and only if the canonical matrix K associated with G and @ has no zero

eigenvalues. The solution space has dimension equal to the number of positive partial indices of G.

Proof. The meta-analytic equation (2.4) can be transformed to a polyanalytic system of order # with constant coefficients via a
similarity transformation [9]. The Haseman condition in the equation (5.10) then becomes a system of n scalar Haseman
problems. Each scalar Haseman problem

ut(a®) = gOu™(®) + h(t)

with g # 0 on T is reducible to a Riemann boundary value problem by the change of variable s = a(t). The solvability
condition is that the index of g is zero. For the matrix case, the solvability is governed by the partial indices [8], and the

condition is precisely that the canonical matrix k is invertible.
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5.6 Lipschitz Regularity
Theotem 5.7. Let f(z) = fy(2) + Zf1(2) be bi-analytic on . Then the following are equivalent:

@) f satisfies a Lipschitz condition of order 1 on I;
(i1) fo satisfies a Lipschitz condition of order 1 on D) and f; is bounded on D.

Consequently, if f satisfies (i), then both fj and f; have non-tangential boundaty valuesa. e. onT.
Proof. First, assume (i). Then f is bounded, so f; is bounded. Since
fo(@) = f(2) - zf1(2),
and f is Lipschitz, it follows that fy is Lipschitz. To see that f; is bounded, note that
f1(2) = 9;f (2).
The boundedness of f; follows from the Lipschitz condition on f.
Conversely, assume (ii). Then
f@) = fw) =[fo(2) = foW)] + [2f1(2) —wfi(W)]

The first term is bounded by C | z — w | by the Lipschitz condition on fy. The second term is bounded by

| Z=w Il fi(@) | +1 W I f1(2) = fi(w).

Since f; is bounded and holomorphic (hence Lipschitz on compact subsets), this is bounded by a constant time | z — w |
. Thus f is Lipschitz. The boundary value statement follows from the classical theotrem that bounded holomorphic functions

have non-tangential boundary values, and Lipschitz holomorphic functions have continuous boundary values.

Corollary 5.8. For m - analytic f with decomposition in the equation (1.2), f satisfies a Lipschitz condition of order 1 on I if
and only if @¢ is Lipschitz and ¢y, is bounded for eachk > 1.

Proof. The proof follows by induction on m using the same argument as in Theorem 5.7, since
0:f(2) = ¢1(2) + 22¢5(2) + -+ + (M = DZ" 2y _1(2)

is (m — 1) - analytic.

5.7 Density and Approximation

Theorem 5.9. Let 1 < p < 00 and let wy *+- Wy, € L”(T) be given. The subspace
m

S =HP + Z Wi HP -v oo vee e (5.11)
k=1

is dense in Ly, (T) if and only if the associated Toeplitz operator
T, = P*M, P~
where P* is the Riesz projection onto HP and P~ = 1 — P*has trivial kernel in HP'(T).

Proof. The density of S in LP(T) is equivalent to the uniqueness of the annihilator. By the Hahn - Banach theorem, § is
dense if and only if

St={gelP(T):<g,s>0forallse€S}=1{0}.
The annihilator of HP is zHP' . The condition < g, wih = 0 for all h € HP translates to

P* (Wi g) = 0.
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Thus S* = {0} is equivalent to the injectivity of the Toeplitz operator Ty on HP', which, after conjugation, is equivalent to

the triviality of the kernel of Ty, on HP’,
Corollary 5.10. The set of polyanalytic polynomials of order m is dense in LP(T) for 1 < p < co.
Proof. Take wy (t) = t ¥ in the equation (5.11). Then S consists of functions of the form

ho(t) + t ™ hy () + -t ™™ hy, (1),

where hy, € HP. This is precisely the space of polyanalytic polynomials of order m on the boundary. The Toeplitz operator

T,, has trivial kernel since multiplication by t¥ is invertible on HP. The result follows from Theorem 5.9.
5.8 Fredholm Properties

Consider the singular integral operator

A= Zai‘in'j + Zbici»"‘ e (5.12)
ij i

where A; j= 81t /at'dt/and C; are singular integral operators with Carleman shifts and conjugations.

Theorem 5.11. Let 1 < p < o0 and let the coefficients a;;, b; belong to C™Y(T), 0 <y < 1. Then the operator A defined in
the equation (5.12) is Fredholm on appropriate Sobolev-type polyanalytic spaces if and only if the symbol

oA = D ay(O ' (i §)
Lj
does not vanish forall t € T and & € R U {o0}. The index is given by

o(4)
| a(4) |

indA =Wind( )............(5_13)

Proof. The operator A is a pseudo-differential operator on the boundary T with polyanalytic coefficients. By the theory of
polyanalytic singular integral operators [10], the Fredholmness is determined by the non-vanishing of the symbol o (4) . When
this condition holds, the operator is Fredholm on the space W™ (T) N Ker(d]").

The index formula follows from the Atiyah - Singer index theorem for boundary value problems, or more concretely, from
the factorization of the symbol into analytic factors and the winding number computation. The presence of Carleman shifts
and conjugations adds additional contributions to the index, but these cancel in the total index formula in the equation (5.13)

when the coefficients are smooth.
6. CONSEQUENT LEMMAS AND PROOFS

Lemma 6.1. The projection operators Py: Ay Ly (D, @) = AkL(I)J (D, @) from Theorem 5.1 are continuous and satisfy

m
P,P; = §;;P,, Z P41 (6.1)
k=1

Proof. Continuity was established in Theorem 5.1. The identities in the equation (6.1) follow directly from the uniqueness of
the decomposition from the equation (1.2).

Lemma 6.2. For f € H™? (D), the non-tangential boundary values of the detivatives satisfy

(akf)"' 3 6kf+

azk) ~ otk

in the distributional sense on T, for k = 0,:--n — 1.
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k
Proof. This follows from the fact that the derivatives 375: are (n — k)-analytic and belong to H""®P(D) , so Theorem 5.3

applies. The boundary limit commutes with differentiation in the sense of distributions because the trace operator is continuous
from H™P to the Sobolev space W™ 1P (T).

Lemma 6.3. The solution u to the Dirichlet problem (5.4) - (5.5) is unique in H™P (D) when p < oo.

Proof. Suppose u € H™P (D) solves the homogeneous problem. Then u is m — analytic and all derivatives Zk?z have zero
akut

e

degree at most m — lonT. But u* is also the boundary value of an m — analytic function. The only such function is u = 0 by

boundary traces fork = 0,---m — 1. By Lemma 6.2 0 on T for all k < m. This implies that u* is a polynomial in £ of

the maximum principle for polyanalytic functions.

Lemma 6.4. For f € H"P(D) and 0 < r < 1, the following etror estimate holds:

“f _fr”Lp(T) < Cn,p(l - r)Ellf”n,p"" (62)

where f,(e%) = f(re®).

Proof. Using the decomposition from the equation (1.2), we have

m-1
If = fillir < D 12404 = 24r g ra)luo
k=0
For each holomorphic ¢y, the standard Hardy space estimate gives

1
lpx = P Ille < Gy (1 = 1)PlI il
The factor X — Z¥r¥ is controlled by 1 — r*, which is of order 1 — 7. Summing yields (6.2).
7. CONCLUSION

In this paper, we have systematically investigated the boundary behaviour of polyanalytic functions in several Banach spaces.

The main achievements can be summarized as follows.

First, we established that the weighted Bergman space A, L,(D, @) admits a direct sum decomposition into components
Z¥ ¢ (z) where ¢y are holomorphic (Theorem 5.1).

This structural result is not merely of theoretical interest; it provides a practical tool for estimating growth near the boundary

via the pointwise bounds in Corollary 5.2.

Second, we introduced the poly-Hardy spaces H™P (D) and proved that every function in these spaces possesses non-tangential
boundary traces in LP(T) (Theorem 5.3). This extends the classical result of Fatou to the polyanalytic setting and forms the

foundation for studying boundary value problems.

Third, we solved three important boundary value problems: the Dirichlet problem (Theorem 5.4), the Hilbert problem
(Theorem 5.5), and the Haseman problem (Theorem 5.6). The solvability conditions are expressed in terms of compatibility
conditions on the data and the algebraic structure of the associated canonical matrices. These results unify and extend previous
work on polyanalytic boundary value problems.

Fourth, we characterized Lipschitz regularity of polyanalytic functions (Theorem 5.7 and Corollary 5.8). The key insight is that
the leading holomorphic component 90 must be Lipschitz, while the higher components @y, for k = 1 need only be bounded.

This reveals a hierarchical structure of regularity in polyanalytic functions.

Fifth, we obtained density results for polyanalytic polynomials in LP spaces on the unit circle (Theorem 5.9 and Corollary 5.10).
The proof uses the annihilator method and Toeplitz operator theory, providing a functional-analytic perspective on
approximation by polyanalytic polynomials.
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Finally, we analysed the Fredholm properties of singular integral operators arising from polyanalytic boundary value problems
(Theorem 5.11). The Fredholmness is governed by the non-vanishing of the symbol, and the index is given by the winding
number of the symbol. This connects the boundary behaviour of polyanalytic functions to the spectral theory of pseudo-
differential operators.

Several directions for future research emerge from this work:
1. Extending the results to domains with non-smooth boundaries, where the notion of boundary trace is more delicate.

2. Investigating the boundary behaviour of polyanalytic functions in higher-dimensional settings, where the Cauchy - Riemann
operator is replaced by the Dirac operator.

3. Exploring the connection between polyanalytic boundary behaviour and time-frequency analysis, particularly in the context
of Gabor frames and the Bargmann transform.

4. Developing numerical methods for polyanalytic boundary value problems based on the structural decompositions presented
here.

The interplay between boundary behaviour and the underlying Banach space structure remains a fertile area for further
investigation. The hierarchical nature of polyanalytic regularity, as revealed in this paper, suggests that many classical results

from holomorphic function theory may have polyanalytic counterparts with additional complexity and richness.
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